Abstract. The main result of this paper is a generalization of Popa's free independence result for subalgebras of ultraproduct II1 factors [Po95b] 
Introduction and statement of the main results
In his seminal article [Po95b] , Popa obtained a free independence result for subalgebras of ultraproduct II 1 factors. Among other results, he showed that whenever P 1 , P 2 ⊂ M ω are von Neumann subalgebras with separable predual of an ultraproduct II 1 factor (M ω , τ ω ) = (M n , τ n ) ω , there exists a unitary v ∈ U (M ω ) such that P 1 and vP 2 v * are * -free inside M ω with respect to the ultraproduct trace τ ω . This result had important consequences regarding Connes's approximate embedding problem [Co75, Ki92, Oz03] . Indeed, it implied that the class of tracial von Neumann algebras with separable predual that are embeddable into R ω in a trace-preserving way is stable under free product. Very recently, Popa further investigated the independence properties of subalgebras of ultraproduct II 1 factors. Firstly, he obtained in [Po13a] the first class of maximal abelian subalgebras of ultraproduct II 1 factors satisfying the Kadison-Singer conjecture and secondly he generalized in [Po13b] his earlier results from [Po95b] to the case of tracial amalgamated free product von Neumann algebras.
The main result of this paper is a generalization of Popa's free independence result for subalgebras of ultraproduct II 1 factors [Po95b] to the framework of ultraproduct von Neumann algebras (M ω , ϕ ω ) where (M, ϕ) is a σ-finite von Neumann algebra endowed with a faithful normal state satisfying (M ϕ ) ′ ∩ M = C1. We refer to [AH12, Oc85] and Section 2 for the construction of the ultraproduct von Neumann algebra (M ω , ϕ ω ).
Theorem A. Let (M, ϕ) be any non-type I σ-finite factor endowed with a faithful normal state and Q ⊂ M ϕ any von Neumann subalgebra satisfying Q ′ ∩ M = C1. Let ω ∈ β(N) \ N be any non-principal ultrafilter. For all i ∈ {1, 2}, let P i ⊂ M ω be a von Neumann subalgebra with separable predual that is globally invariant under the modular automorphism group (σ Let M and N be any von Neumann algebras. We will say that M embeds with expectation into N if there exist a normal * -embedding π : M → N and a faithful normal conditional expectation E π(M ) : N → π(M ). Using Theorem A and [AH12, Theorem 4.20], we show that the class of von Neumann algebras with separable predual that embed with expectation into a σ-finite factor of type III 1 endowed with a faithful normal state that has a large centralizer is stable under free product.
Corollary B. Let (M, θ) be any σ-finite factor of type III 1 endowed with a faithful normal state such that (M θ ) ′ ∩ M = C1. For all i ∈ {1, 2}, let M i be any von Neumann algebra with separable predual that embeds with expectation into M ω . For all i ∈ {1, 2}, let ϕ i ∈ (M i ) * be any faithful normal state. Then the free product von Neumann algebra (M 1 , ϕ 1 ) * (M 2 , ϕ 2 ) embeds with expectation into M ω .
Very recently, Ando-Haagerup-Winsløw showed in [AHW13, Theorem 1.1] that a von Neumann algebra M with separable predual satisfies Kirchberg's quotient weak expectation property (QWEP) [Ki92] if and only if M embeds with expectation into R ω ∞ , where R ∞ denotes the unique hyperfinite factor of type III 1 . Hence, a combination of their result and Corollary B shows that the class of QWEP von Neumann algebras with separable predual is stable under free product. We point out that this last result can also be proven using Connes-Tomita-Takesaki modular theory and Brown-Dykema-Jung's result [BDJ06, Corollary 4.5]. However, we believe that it is interesting to have a new and direct proof that the QWEP for von Neumann algebras is stable under free product, without relying on Connes-Tomita-Takesaki modular theory.
It also follows from the above discussion that any free product of amenable von Neumann algebras with respect to arbitrary faithful normal states has the QWEP. Observe that Shlyakhtenko's free Araki-Woods factors Γ(H R , U t ) ′′ associated with almost periodic orthogonal representations U : R → O(H R ) are * -isomorphic to free products of type I von Neumann algebras [Sh96] . Thus, Corollary B gives an alternate proof of QWEP for the almost periodic free ArakiWoods factors [PS02] . We refer to [No05] for more general results on QWEP for q-Araki-Woods von Neumann algebras.
An inclusion of von Neumann algebras N ⊂ M with faithful normal conditional expectation E N : M → N is said to have the relative Dixmier property if for every x ∈ M, we have
Here, co · ∞ {uxu * : u ∈ U (N )} denotes the closure with respect to the uniform norm · ∞ of the convex hull of the uniformly bounded set {uxu * : u ∈ U (N )}. Haagerup showed in [Ha88, Theorem 3.1] that whenever M is a σ-finite factor of type III λ with 0 < λ < 1 and ϕ ∈ M * is a faithful normal 2π | log(λ)| -periodic state, the inclusion M ϕ ⊂ M has the relative Dixmier property. Popa showed in [Po95b, Corollary 2.4] that whenever M is a II 1 factor and Q ⊂ M is an irreducible subfactor, the inclusion Q ω ⊂ M ω has the relative Dixmier property. We refer to [Po97, Po13a] for other results regarding the relative Dixmier property.
Following the strategy of [Po95b] and using Theorem A, we obtain a new class of inclusions of von Neumann algebras N ⊂ M with the relative Dixmier property.
Theorem C. Let (M, ϕ) be any non-type I σ-finite factor endowed with a faithful normal state and Q ⊂ M ϕ any von Neumann subalgebra satisfying Q ′ ∩ M = C1. Let ω ∈ β(N) \ N be any non-principal ultrafilter. Then the inclusion Q ω ⊂ M ω satisfies the relative Dixmier property, that is, for all x ∈ M ω , we have
Theorem C moreover implies that there exists a unique (not necessarily normal) conditional expectation E : M ω → Q ω . It is the unique ϕ ω -preserving conditional expectation E Q ω : M ω → Q ω . Let now M = R ∞ be the unique hyperfinite factor of type III 1 and choose a faithful normal 
Preliminaries
Background on σ-finite von Neumann algebras. Let M be any σ-finite von Neumann algebra. We denote by Ball(M ) the unit ball of M with respect to the uniform norm · ∞ , U (M ) the group of unitaries in M and Z(M ) the center of M . Let ϕ ∈ M * be any faithful normal state. For all x ∈ M , write x ϕ = ϕ(x * x) 1/2 and x ♯ ϕ = ϕ(x * x + xx * ) 1/2 . Recall that the strong (resp. * -strong) topology on uniformly bounded subsets of M coincides with the topology defined by · ϕ (resp. · ♯ ϕ ). For every f ∈ L 1 (R), we define the Fourier transform of f by
For every f ∈ L 1 (R) and every x ∈ M , put
For every x ∈ M , put
For every subset E ⊂ R, the spectral subspace of σ ϕ in M associated with E is defined by
The spectral subspaces satisfiy the following well-known properties: for all subsets E, F ⊂ R, we have
The next proposition will be very useful to prove the main technical results of Section 3. 
Free product von Neumann algebras. Let I be any non-empty set. For all i ∈ I, let (M i , ϕ i ) be any σ-finite von Neumann algebra endowed with a faithful normal state. The free product von Neumann algebra (M, ϕ) = * i∈I (M i , ϕ i ) is the unique (up to state-preserving isomorphism) von Neumann algebra M generated by M i with i ∈ I and where the faithful normal state ϕ satisfies the following * -freeness condition:
We will say that the von Neumann subalgebras M i are * -free inside M with respect to ϕ if Equation (1) is satisfied.
Here and in what follows, we denote by M i ⊖ C1 = ker(ϕ i ). We refer to the product
) of length n ≥ 1. The linear span of 1 and of all the reduced words in (
For all t ∈ R, we have σ Ultraproduct von Neumann algebras. Let M be any σ-finite von Neumann algebra. Define
We have that the multiplier algebra M ω (M ) is a C * -algebra and
For all x ∈ M , the constant sequence (x) n lies in the multiplier algebra M ω (M ). We will then
Let Q ⊂ M be any von Neumann subalgebra with faithful normal conditional expectation E Q : M → Q. Choose a faithful normal state ϕ on Q and still denote by ϕ the faithful
. Therefore, the mapping
Proposition 2.2. Let (M, ϕ) be any σ-finite von Neumann algebra endowed with a faithful normal state. Let a > 0. Then for every
Proof. Following [AH12, Section 4], denote by D a : R → R the de la Vallée Poussin kernel defined by
Its Fourier transform is given by
Kirchberg's quotient weak expectation property (QWEP). Let A ⊂ B be an inclusion of C * -algebras. Following [Ki92, Oz03] , we say that A is cp complemented (resp. weakly cp complemented) in B if there exists a ucp map Φ : B → A (resp. Φ : B → A * * ) such that Φ| A = id A .
Definition 2.3 ([Ki92]
). We say that a C * -algebra A has the weak expectation property (WEP) if it is weakly cp complemented in B(H) for some (or any) faithful representation A ⊂ B(H).
We say that a C * -algebra A has the quotient weak expectation property (QWEP) if A is the quotient of a C * -algebra with the WEP.
The QWEP conjecture states that all C * -algebras have the QWEP. We refer the reader to [Ki92, Oz03] for more on the QWEP conjecture.
Popa's local quantization principle. In this Subsection, we review Popa's local quantization principle [Po92, Po95a] that will play a crucial role in the proof of Lemma 3.2.
Lemma 2.4. Let (M, ϕ) be any σ-finite von Neumann algebra endowed with a faithful normal state and Q ⊂ M ϕ any von Neumann subalgebra. Let X ⊂ M be any finite subset such that E Q∨(Q ′ ∩M ) (X) = 0 and {q j } j∈J any finite partition of unity with projections q j ∈ Q.
Then for every δ > 0, there exists a finite partition of unity {p i } i∈I with projections p i ∈ Q that refines the partition {q j } j∈J and such that i∈I p i xp i ϕ < δ for all x ∈ X.
Proof. See the proofs of [Po92, Lemma A.1.1] and [Po95a, Lemma A.1.1].
Proposition 2.5. Let (M, ϕ) be any σ-finite von Neumann algebra endowed with a faithful normal state and Q ⊂ M ϕ any type II 1 subfactor. Let ε > 0 and X ⊂ M be any finite subset. Then there exists a nonzero projection q ∈ Q such that
Proof. Since the proof is the same as the one of [Po92, Theorem A.1.2], we will only sketch it.
For every x ∈ X, write
Note that given any ε 1 > 0, every x ′ can be approximated using finitely many b ∈ Q and b ′ ∈ Q ′ ∩ M such that x ′ − bb ′ ϕ < ε 1 . We denote by S ⊂ Q the set of all such b ∈ Q. Since all the arguments are done inside the type II 1 subfactor Q, proceeding exactly as in the proof of [Po92, Theorem A.1.2, pp. 246-247] (see also the proof of [Po95a, Theorem A.1.4]), for every ε 2 > 0, one can find a finite dimensional abelian unital * -subalgebra
Since A 2 is obtained from a partition of unity with projections in Q, Lemma 2.4 implies that for every ε 3 > 0, we can find a refinement {q i } i∈I ⊂ Q of the partition coming from A 2 such that with
So, by choosing ε 1 , ε 2 , ε 3 sufficiently small so that
and hence i∈I x∈X
Thus, there exists i ∈ I such that x∈X
3. Popa's incremental patching method in arbitrary von Neumann algebras Notation 3.1. Let B be any von Neumann algebra, v ∈ B any partial isometry satisfying v * v = vv * and X ⊂ B any subset. For k ≥ 1, put
For all a > 0, put C(a) = C(a, i/2) = C(a, −i/2) > 1 where (0, +∞) × C → (0, +∞) : (a, z) → C(a, z) is the function that appeared in Lemma 2.1. In the rest of this Section, we assume that (M, ϕ) is a non-type I σ-finite factor endowed with a faithful normal state and Q ⊂ M ϕ is any von Neumann subalgebra satisfying Q ′ ∩ M = C1. Observe that Q is necessarily a type II 1 subfactor. We also fix a non-principal ultrafilter ω ∈ β(N) \ N.
In Lemma 3.2, we start by proving the existence of nonzero partial isometries in Q with good approximate independence properties in M with respect to the state ϕ for words of bounded length and with letters in bounded spectral subspaces of (σ ϕ t ). This is a generalization of [Po95b, Lemma 1.2]. [−a, a] ) and Y ⊂ M be any finite subsets such that X = X * and Y = Y * . Let f ∈ Q be any nonzero projection and assume that ϕ(f Xf ) = 0.
Then there exists a partial isometry
Proof. The proof follows very closely the one of [Po95b, Lemma 1.2]. We may assume that X ⊂ Ball(M ). We fix ε 0 > 0 and define inductively ε k for all 1 ≤ k ≤ n by the formula ε k = 2 k C(a)ε k−1 . We moreover choose ε 0 > 0 sufficiently small so that ε n < ε.
We next define W as the set of all partial isometries v in f Qf such that
Note that W is not empty since 0 ∈ W. We define a partial order on W by w 1 ≤ w 2 ⇔ w 1 = w 2 w * 1 w 1 . Then (W, ≤) is an inductive set. By Zorn's lemma, take a maximal element v ∈ W and put p = f − v * v. We will show that ϕ(v * v) > ϕ(f )/(12 C(a) 2 + 1).
Suppose by contradiction that ϕ(v * v) ≤ ϕ(f )/(12 C(a) 2 + 1) and note that this implies that ϕ(v * v)/ϕ(p) ≤ 1/(12 C(a) 2 ). Our goal is to find a non-zero partial isometry w ∈ pQp such that v + w ∈ W. This in turn will contradict the maximality of v ∈ W. To do so, we first fix a nonzero zero projection q ∈ pQp and take any unitary w ∈ qQq. Put u = v + w.
u and decompose it using u i = v i + w i as follows:
where
By applying ϕ and using the triangle inequality, we obtain
The first terms on the right hand side are less than or equal to ε k ϕ(v * v) since v ∈ W. So our task is to find an appropriate q ∈ pQp and then an appropriate w ∈ U (qQq) such that the second terms on the right hand side are less than or equal to ε k ϕ(w * w). From that, we will obtain that max{|ϕ(f xf )|,
Claim. There is a nonzero projection q ∈ pQp such that
for all 2 ≤ k ≤ n, all w i j coming from any unitary w ∈ U (qQq) and all z i j that are constructed from any x j ∈ X and v j as above.
Proof of the Claim. This is the main part of the proof of Lemma 3.2. We will make use of Popa's local quantization principle (see Proposition 2.5). Recall that yb ϕ ≤ σ ϕ −i/2 (b * ) ∞ y ϕ for all y ∈ M and all analytic b ∈ M (see [Ta03, Lemma VIII 3.10 (i)]). Moreover, Proposition 2.1 implies that σ
For all ℓ ≥ 2 and all i = (i 1 , . . . , i ℓ ) ∈ I ℓ , we have
Then by the Cauchy-Schwarz inequality, we obtain
We now apply Proposition 2.5 to the inclusion pQp ⊂ pM p, for some α > 0 and for all possible pz i 1 p and we obtain a nonzero projection q ∈ pQp satisfying 
Next, put m = i 2 −i 1 −1. Using the facts that p, v ∈ M ϕ , z i 1 ∈ X when m = 0 and ϕ(f Xf ) = 0,
and hence |ϕ p (pz i 1 p)| ≤ ε m+2 6 1 C(a) 2 . Since ε m+2 ≤ C(a) −k+m+2 2 −k ε k when m + 2 < k and since m + 2 = k happens only when ℓ = 2 and (i 1 , i 2 ) = (1, k), we have
Note that we used the fact that
Thus, we have obtained the desired projection q ∈ pQp. This finishes the proof of the Claim.
We fix now a projection q ∈ pQp as in the Claim and we next find a unitary w ∈ U (qQq) that satisfies
for all possible z i 1 and all y, z ∈ Y . Since qQq is diffuse and since Y ∪ {z i 1 : i ∈ I 1 } is finite, we can find a unitary w ∈ U (qQq) such that |ϕ(f z i 0 wz i 1 f )|, |ϕ(z i 0 wz i 1 )| and |ϕ(ywz)| are small enough so that we have the desired inequality.
As we mentioned before the Claim, we obtain that max{|ϕ(f xf )|, |ϕ(x)|} ≤ ε k ϕ(u * u) for all 1 ≤ k ≤ n and all x ∈ X k u and |ϕ(yuz)| ≤ εϕ(u * u) for all y, z ∈ Y . Thus u ∈ W. Since v ≤ u and v = u, this contradicts the maximality of v ∈ W and finishes the proof of Lemma 3.2.
From now on, we will be working in the ultraproduct framework M ω . In Lemma 3.3, we construct nonzero partial isometries in Q ω with good independence properties in M ω with respect to the ultraproduct state ϕ ω for words with letters in bounded spectral subspaces of (σ ϕ ω t ). This is a generalization of [Po95b, Lemma 1.3]. Lemma 3.3. Let a > 0, X ⊂ M ω (σ ϕ ω , [−a, a]) and Y ⊂ M ω be any countable subsets such that X = X * and Y = Y * . Let f ∈ Q ω be any nonzero projection such that ϕ ω (f Xf ) = 0.
We also write f = (f n ) ω for some nonzero projections f n ∈ Q. By Proposition 2.2, we may assume that x ℓ n ∈ M (σ ϕ , [−2a, 2a]) for every n ∈ N. We also have
, we may assume that ϕ(f n x ℓ n f n ) = 0 for all ℓ, n ∈ N.
We can then apply Lemma 3.2 to ε n = 1 n > 0, f n ∈ Q, X n = {x ℓ n : ℓ ≤ n} and Y n = {y ℓ n : ℓ ≤ n} to find a partial isometry
and ϕ ω (yvz) = 0 for all y, z ∈ Y . As usual, put (v n ) i = v n or v * n . Moreover, for all k ≥ 1 and all
This finishes the proof of Lemma 3.3.
Using a maximality argument, we construct in Lemma 3.4 unitaries in U (Q ω ) with good independence properties in M ω with respect to the ultraproduct state ϕ ω for words of bounded length and with letters in bounded spectral subspaces of (σ Proof. Define W as the set of all partial isometries v in Q ω such that
Note that W is not empty since 0 ∈ W. We define a partial order on W by w 1 ≤ w 2 ⇔ w 1 = w 2 w * 1 w 1 . Then (W, ≤) is an inductive set. By Zorn's lemma, take a maximal element v ∈ W. We show that v is a unitary element that satisfies the conclusion of Lemma 3.4.
Suppose by contradiction that v is not a unitary and put p = 1 − v * v = 0. Since v ∈ W, n ≥ 2 and ϕ ω (X) = 0, we have ϕ ω (pXp) = 0 and
k=1 X k v to obtain a nonzero partial isometry w ∈ pQ ω p that satisfies the conclusion of Lemma 3.3.
Put u = v + w. Then we have u * u = uu * and ϕ ω (yuz) = 0 for all y, z ∈ Y . Moreover, for all 1 ≤ k ≤ n and all
where each z i j is given as in the proof of Lemma 3.2.
Since v ∈ W, we have ϕ ω (x 0 k i=1 v i x i ) = 0. Next, when ℓ ≥ 2, each z i j belongs to X or X k v for some 1 ≤ k ≤ n − 2 and hence ϕ ω (z i 0 ℓ j=1 w i j z i j ) = 0 by the choice of the partial isometry w coming from Lemma 3.3. Finally, when ℓ = 1, each z i 0 and each z i 1 belongs to X or X k v for some 1 ≤ k ≤ n − 1 and hence ϕ ω (z i 0 w i 1 z i 1 ) = 0 by the choice of the partial isometry w coming from Lemma 3.3. Thus ϕ ω (x) = 0 and so u ∈ W. Since v ≤ u and v = u, this contradicts the maximality of v ∈ W and finishes the proof of Lemma 3.4.
Using a diagonal procedure, we finally construct in Lemma 3.5 unitaries in U (Q ω ) with good independence properties in M ω with respect to the ultraproduct state ϕ ω . This is a new step compared to the strategy developed in [Po95b] .
Proof. The proof is similar to the one of Lemma 3.3. Write X = {x ℓ : ℓ ∈ N} and x ℓ = (x ℓ n ) ω ∈ M ω for some (x ℓ n ) n ∈ M ω (M ). Then for every n ∈ N, the subset {x ℓ : ℓ ≤ n} is contained in M ω (σ ϕ ω , [−a n , a n ]) for some a n > 0. So, proceeding exactly as in the proof of Lemma 3.3, we may assume that the subset
t for all t ∈ R, we may regard each subset X n as a subset of M ω and we have
Then for every n ∈ N, we choose a unitary v n ∈ U (Q ω ) that satisfies the conclusion of Lemma 3.4 for the subset X n . Write v n = (v n m ) ω for some v n m ∈ Ball(Q). Observe that lim m→ω 1 − (v n m ) * v n m ϕ = 0 for every n ∈ N. We will now construct a new unitary element in U (Q ω ) that satisfies the conclusion of Lemma 3.5 by choosing carefully "diagonal" elements from v n = (v n m ) ω ∈ U (Q ω ). By the choice of v n , for all 1 ≤ k ≤ n and all
So, for every n > 0, there exists m n ∈ N large enough so that u n = v n mn ∈ Ball(Q) satisfies
n for all 1 ≤ k ≤ n and all x 0 , x k ∈ {1} ∪ X n , x i ∈ X n and (u n ) i = u n or u * n and • 1 − u * n u n ϕ < 1 n . Then we have u = (u n ) ω ∈ U (Q ω ) by the second item and the fact that u n ∈ Q ⊂ M ϕ . Moreover, by the first item, for all k ≥ 1 and all
u with x i = x ℓ i for some ℓ i ∈ N, using the fact that |ϕ(
This finishes the proof of Lemma 3.5.
Remark 3.6. We conclude this Section with a few remarks.
(1) In Lemma 3.5, we can actually find v ∈ U (Q ω ) such that ϕ ω (yvz) = 0 for all y, z ∈ Y where Y ⊂ M ω is any given countable subset. Also, we can construct v ∈ U (Q ω ) to be a Haar unitary by using the subsets X k,n v as in [Po95b, Lemma 1.2]. However we will not use this observation in this article.
(2) While Lemmas 3.3 and 3.4 could be proven in the more general framework of ultraproduct von Neumann algebras (M n , ϕ n ) ω with (M n , ϕ n ) a non-type I σ-finite factor endowed with a faithful normal state and Q n ⊂ M ϕn n any von Neumann subalgebra satisfying Q ′ n ∩ M n = C1 for every n ∈ N, the proof of Lemma 3.5 does require the sequence M n = M to be constant as we need to regard M ⊂ M ω as a von Neumann subalgebra.
Proofs of the main results
Proof of Theorem A. Let i ∈ {1, 2}. Since P i has separable predual and is globally invariant under the modular automorphism group (σ ϕ ω t ), using the proof of [AH12, Proposition 4.11], we may find a countable subset
. Applying Lemma 3.5 to the countable subset X = X 1 ∪ X 2 , there exists a unitary v ∈ U (Q ω ) such that
, we obtain that P 1 and vP 2 v * are * -free inside M ω with respect to the state ϕ ω . This finishes the proof of Theorem A.
Proof of Corollary B. Let i ∈ {1, 2}. There exists a normal * -embedding π i : 
)u i and observe that P i is globally invariant under the modular automorphism group (σ θ ω t ). By Theorem A, there exists a unitary v ∈ U ((M θ ) ω ) such that P 1 and vP 2 v * are * -free inside M ω with respect to the ultraproduct state θ ω . Observe that since P i globally invariant under the modular automorphism group (σ θ ω t ) for all i ∈ {1, 2} and since v ∈ U ((M ω ) θ ω ), we have that P = P 1 ∨ vP 2 v * is globally invariant under the modular automorphism group (σ θ ω t ) and hence by [Ta03, Theorem IX.4.2], there exists a faithful normal conditional expectation E : M ω → P . Moreover, by uniqueness of the free product von Neumann algebra and since v ∈ U ((M ω ) θ ω ), we have the following state-preserving * -isomorphisms (P, θ ω | P ) ∼ = (P 1 , θ ω | P 1 ) * (vP 2 v * , θ ω | vP 2 v * ) ∼ = (M 1 , ϕ 1 ) * (M 2 , ϕ 2 ).
Therefore, the free product von Neumann algebra (M 1 , ϕ 1 ) * (M 2 , ϕ 2 ) embeds with expectation into M ω . This finishes the proof of Corollary B.
Proof of Theorem C. We follow the same strategy as in the proof of [Po95b, Corollary 2.4]. Since any element in M ω can be approximated in the uniform norm · ∞ by finite linear combinations of projections in M ω , we only have to prove Theorem C when x = k j=1 α j f j , where α j ∈ C and f j ∈ M ω is a projection for all 1 ≤ j ≤ k. Let B ⊂ M ω be the von Neumann subalgebra generated by the set {σ ϕ ω t (f j ) : 1 ≤ j ≤ k, t ∈ R}. Observe that B has separable predual and is globally invariant under the modular automorphism group (σ ϕ ω t ).
Claim. There exists a diffuse von Neumann subalgebra A ⊂ Q ω with separable predual such that
for all nonzero projections p ∈ A satisfying ϕ ω (p) = 1/n and and all nonzero projections f ∈ B satisfying ϕ ω (f ) ≤ 1 − 1/n.
Proof of the Claim. Let A ⊂ Q ω be any diffuse von Neumann subalgebra with separable predual. By Theorem A, up to conjugating A by a unitary element v ∈ U (Q ω ), we may assume that A and B are * -free inside M ω with respect to the ultraproduct state ϕ ω . Let p ∈ A and f ∈ B as in the statement. Then the von Neumann subalgebra N ⊂ M ω generated by p and f is * -isomorphic in a state-preserving way to the free product von Neumann algebra
The computation in [Vo86, Example 2.8] gives the desired formula for the operator norm of p(f − ϕ ω (f )1)p ∈ N .
From now on, we fix such a diffuse von Neumann subalgebra A ⊂ Q ω as in the Claim. Let n ≥ 1 and {p i } n i=1 be any partition of unity with projections in A having the same trace in Q ω . Define the unitary element u = n i=1 λ i p i ∈ U (A) where λ = exp(2π √ −1/n). One can easily check that n i=1 p i yp i = 1 n n ℓ=1 u ℓ yu −ℓ for all y ∈ M ω . Recall that x = k j=1 α j f j . Then we have
When n → ∞, we have ϕ ω (f j ) ≤ 1 − 1/n for all 1 ≤ j ≤ k and hence the Claim implies that This shows that ϕ ω (x)1 ∈ co · ∞ {uxu * : u ∈ U (Q ω )}. Since Q ω ⊂ (M ω ) ϕ ω , if we apply ϕ ω to any element in co · ∞ {uxu * : u ∈ U (Q ω )} ∩ C1, we finally obtain
This finishes the proof of Theorem C.
